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^ ■ 1 Introduction 

■ n 

• Based on the analysis of stratification structure on random normed modules, in [1[ we intro- 
, duced the notions of random strict convexity and random uniform convexity in random normed 
^-H ■ modules and gave the perfect relation between random strict convexity and classical strict con- 
" ^ [ . vexity. However, when we also attempted to give the similar relation between random uniform 
^ ] convexity and classical uniform convexity in []| we encountered some difficulties, which made 
k>( ■ us only obtain a not very pleasant result in [ij. The purpose of this paper is to overcome 
5_j , the difficulties so that we can give the perfect relation between random uniform convexity and 
. classical uniform convexity. Besides, this paper also gives several useful expressions for modulus 

of random convexity. In particular, we give an L'^(J^, i?)— valued function's intermediate value 
theorem, which will play an essential role in the proofs of the above main results. 

To introduce the main results of this paper, let us first recall some notation and terminology 
together with some known notions. 

Throughout this paper, (f2, J^, P) always denotes a probability space, K the scalar field R 
of real numbers or C of complex numbers, LP{J-: R) the set of equivalence classes of extended 
real- valued random variables on (fi, J^, P) and L'^{T,K) the algebra of equivalence classes of 
if- valued random variables on ($7, J-', P). 

It is well known from Q that (7^, R) is a complete lattice under the ordering ^ : ^ ^ 77 
iff ^°(a;) ^ rf{uj) for P— almost all w in f2 (briefly, a.s.), where and rp are arbitrarily 
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chosen representatives of ^ and rj, respectively. Furthermore, every subset A of U^{J-,R) has 
a supremum, denoted by V^, and an infimum, denoted by A^, and there exist two sequences 
{a„,n G N} and {bn,n G N] in A such that V„^i an = VA and An^i 6™ = Aj4. If, in 
addition, A is directed (accordingly, dually directed), then the above {an,n G A^} (accordingly, 
{hn,n e A^}) can be chosen as nondecreasing (accordingly, nonincreasing). Finally L^{J^,R), 
as a sublattice of L'^{J^, R), is complete in the sense that every subset with an upper bound has 
a supremum (equivalently, every subset with a lower bound has an infimum). 

Specially, let LI = e L°{T,R)\C ^ 0},Ll = e L"{T,R)\^ ^ 0} and L% = {C e 
L'^{J-, i?) I ^ > on ft}, where ^ > on 57 means that ^°(aj) > a.s. on il for an arbitrarily 
chosen representative of ^. 

Definition 1.1 (Guo [l]) An ordered pair (S*, || • ||) is called a random normed space (briefly, 
an RN space) over K with base {V,,T,P) if 5 is a linear space over K and || • || is a mapping 
from S to such that the following axioms are satisfied: 

(RN-l) \\ax\\ = |a|||a;||,Va £ K and x £ S; 

{RN-2) \\x + y\\ < \\x\\ + \\y\\yx,y&S; 

{RN-3) \\x\\ — implies x = 6 (the null vector in S). 
Where ||x|| is called the random norm of the vector x. 

In addition, if S' is a left module over the algebra L^{J-,K) and || • || also satisfies the 
following: 

(RNM-l) Ux\\ = |^|||a;||,VC G L°{T,K) and x<=,S. 
Then such an _RA^ space (5*, jj • ||) is called a random normed module (briefly, an RN module) 
over K with base (f2, J^, P), such a random norm || • || is called an L*^— norm. 

Example 1 {LP{F, K), | • |) is an RN module over K with base (51, 7^, P), where the L°— norm 
a; I of any x G L'^{J-,K) is defined to be the equivalence class of the composite function : 
fl — > [0, +cxd), namely jx^Kw) = \x'^{Lu)\,\fuj G fl, where is an arbitrarily chosen representative 
of X. 

Definition 1.2 (Guo 3]) Let (5, || ■ ||) be an RN space over K with base (J7, J^, P). Given 
any e > 0, < A < 1, let A^(e, A) = {a; G S" | P{uj G fl : \\x\\{uj) < e} > 1 - A}, then the family 
lie = {N{e, A) I e > 0, < A < 1} forms a local base at the null element 9 of some metrizable 
linear topology for S, called the (e, X) — topology for S. 

Proposition 1.1 (Guo [3]) Let {S, \\ ■ ||) be an RN module over K with base {il,T,P), then 

(1) The (e. A)— topology for LP{J-, K) is exactly the topology of convergence in probability 

P\ 

(2) LP{J-^ K) is a topological algebra under the (e. A)— topology. 

(3) S* is a topological module over the topological algebra L^{J^,K) when S and L"{T,K) 
are endowed with their respective (e. A)— topologies. 

Definition 1.3 (Filipovic, Kupper and Vogelpoth [^) Let {S, || • ||) be an RN space over K 
with base {n,T,P). Let Ng{e) = {x € S \ \\x\\ < e} for any e G L^^, and let Tc={G C 5' | for 
each y & G there exists some e G such that y + No{e) C G }. Then 7^ is a Hausdorff 

topology for 5, called the locally i"— convex topology. 

Under the locally L*^— convex topology LP{J-^ K) is a topological ring, which means that the 
locally L'^— convex topology for L^{F, K) is not necessarily a linear topology, see [1] for details. 
When (5, || • ||) is an RN module and is endowed with the locally L"— convex topology, it is a 
Hausdorff topological module over the topological ring LP{F,K). 

In 5], to study the subdifferential of a conditional convex risk measure, Kupper and Vo- 
gelpoth proved an interesting intermediate value theorem for a continuous local function / from 
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L'^{J-,R) to L'^{!F,R) when L'^{!F,R) is endowed with its locally L°— convex topology, where 
/ is called local if lAf{x) = IaHIax) for any A E T and x G L'^{T,R), here Ia denotes 
the equivalence class of the characteristic function Ia of A. However, in this paper we need 
an intermediate value theorem when LP{J-,R) is endowed with its (e. A)— topology. Precisely 
speaking, we prove Theorem 11.11 below . For the sake of conciseness we briefly denote by [ai, a2\ 
the set {a £ LP{J-, ^) | ai < a < Q!2} for any ai, a2 £ L'^{J', R) with ai < a2- 
Theorem 1.1 Let / : L'^{J-,R) — ?> L^{F^R) be a continuous local function when L^{F^R) 
is endowed with its (e. A)— topology and Yi,F2 G L°{J-,R) such that Yi < ¥2- Then for any 
e e [/(Yi) A /(Fa), /(Fi) V /(Fa)] there exists rj e [¥^¥2] such that /(yy) = ^ 

In the sequel of this paper all the RN modules are always assumed to be endowed with the 
(e. A) -topology. 

Given an element ^ in L{F,R) with a representative , we use > 0] for the equivalence 
class of the set {a; e 51 | > 0}. Let (S*, || • ||) be an RN space over K with base (57, F, P) 

and put ^ = V{||a;|| | x G S*}, then a representative of i?(5) := > 0] is called a support of S*. 

Let J- denote the set of equivalence classes of elements in F and A^B & F with respective 
representatives and i?o, A C B means P{Ao\Bq) = 0, AUB and AnB denote the equivalence 
classes of Aq U Bq and n i?o, respectively. For simplifying notation we also use I a for the 
equivalence class of Iao ■ 

First of all, let us recall the notion of modulus of random convexity as follows: 

Let (5, II • II) be a complete RN module over K with base {fl, F, P) such that P{H{S)) > 0. 
Define 



Id -I 



D 



x,y e 5(1) with B^y D D and Id\\x - y|| > elo 



(1.1) 



for any D e F with D C II{S) and P{D) > and e G such that < e < 2 on D, where 

S{1) = {xeS : \\x\\ = Ia for some ^ G with P{A) > 0}, 

= [||a;|| > 0],v4^.y = n Ay and B^^y = A^y n A x-y, Vs, y S. 
It is known that 5D{f)lG — ^ci^) for any G ^ F with G <Z D. Then the mapping 5h(s){') '■ 
<^{S) — > L'^ defined by (1.1) is called the modulus of random convexity of S, where (?(5') = 
{e G Lfj^ : < e < 2 on H{S)}. 

When {il,F,P) is a trivial probability space, namely, F = {57,0} and P{^) — 1, then S* 
becomes an ordinary Banach space and (1.1) degenerates to 



6{e) =miU 





x + y 
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x,y G X, \\x\\ 



1 and ||x — j/ll > e 



for any e G i? with < e < 2, which is just the classical modulus of convexity of the Banach 
space S. It is well known from Q or Q that ^(e) has the following two useful expressions when 
if = i? and dim(5)> 2: 



(5(e) = inf ■ 


[- 


x + y 
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= inf < 
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x + y 
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.T, yeX, \\x\\ = \\y\\ = 1 and ||.t -y\\=e 
x,y G X, \\x\\ < 1, ||y|| < 1 and ||x - y|| > e 



(1.2) 



One may naturally ask if there exist such expressions for modulus of random convexity when 
the base space {^,F,P) of S is not trivial. This problem involves a detailed discussion of the 
notions of L"— independence and quasi-rank in real RN modules, from which we know that for 
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every complete RN module S there exists a unique G{S) in F with G{S) C H{S) such that 
^H{s)\G(S){^) = Ih(s)\g(S) foi' ^iiy £ G <^(5')i and such that the quasi-rank of S on (7(5) is not 
less than 2 when P{G{S)) > 0. Following is our second main result: 

Theorem 1.2 Let {S, || • ||) be a complete real RN module with base {fl, J, P) and P{G{S)) > 
0, define 



r(l) 
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Cjj/ G S{1) with Bxy D D and IjjI 



D 



: x,y G U{1) with B^y D -D and Id\\x — y\\ > elo 



for any D ^ T with D C G(5) and P(D) > and e ^ L\ such that < e < 2 on Z), where 
= {x e S* : ||x|| < 1}. Then ^/^(e) = E^^{t) = 5^^{t), where is given by (1.1). 

Since an RN module possesses the more complicated stratification structure than a normed 
space, those classical proofs of (1.2) in [^01 do not apply to our random setting. Fortunately, 
Yang and Zuo recently proposed a nice new proof of (1.2) in ■S\ by skillfully utilizing the 
classical intermediate value theorem for continuous real- valued functions and the classical Hahn- 
Banach theorem. Since the Hahn-Banach theorem for a.s. bounded random linear functionals 
is available, which is combined with Theorem 1 1.1 1 so that we can complete the proof of Theorem 
fOl 

In particular, in this paper we find that the essence of Condition (A): 



{^Ih{S) : e e i? and < e < 2} C {Ih{S) '^x - y|| : x, y G S" and 



Ili{S) } 



introduced in [l|. Section 4] is that the RN module (5, || ■ 1|) in consideration has quasi-rank not 
less than 2. This fact is not only useful in the proof of Theorem 11.21 but also leads us directly 
to the third main result below: 

Theorem 1.3 A complete random normed module (5, || • ||) is random uniformly convex iff the 
Banach space (LP(S\ || • ||p) derived from S is uniformly convex for each fixed positive number 
p such that 1 < p < -f oo. 

Theorem ll.3l was mentioned in [l| without a complete proof, which both implies [l|. Theorem 
4.3] and improves [H, Theorem 4.4] in that Condition (A) in [l]. Theorem 4.4] has been removed. 

The remainder of this paper is organized as follows: Section 2 is devoted to the detailed 
discussion of the notions of independence and quasi-rank in real RN modules; Section 3 
will prove the three main results above. 



2 Preliminaries 

First, Lemma l2.1l below summarizes some basic and known facts on random conjugate spaces of 
RN modules, whose proofs and the notion of random conjugate spaces can be found in P. lol. Eot . 

Lemma 2.1 Let (5, || • 1|) be an RN module over K with base (fi, J',P) and (S**, || • ||*) its 
random conjugate space, then the following hold: 

(1) For any {a:„,n e A^} C S and x ^ Xn ^ x{n oo) <^ \\xn ~ a;|| — > 0(7i — > oo) 
(convergence in probability); 

(2) S* is a topological module over the topological algebra LP{F,K), namely the module 
multiplication • : L'^(J',K) x S ^ S is jointly continuous; 
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(3) A mapping / : — > L^{J-, K) is continuous iff f(xn) — > f{x){'n — >■ oo) for any {x„, n e 
N} C S and x £ S such that a;„ a::(n —> oo); 

(4) |/(x)| < ll/r -llxlU/e^* anda;e^; 

(5) / G S'* iff / is a continuous module homomorphism from S to L'^{J-,K), i.e., / is a 
continuous mapping from 5 to L°{J-, K) and f{£.-x + ri-y) — f{x) + ri- f{y),\/^, t] G L°{J^, K) 
and x,y G S; 

(6) There exists a sequence {a;„, n G A^} in the random unit sphere S{1) such that {l|a:„||, n G 
iV} converges to Ih{s) in a nondecreasing way. Further, if {S, || • ||) is complete then there exists 
an element x in S{1) such that ||a;|| = Ih(S)i 

(7) Let {S**, II • II**) be the random random conjugate space of {S* , \\ ■ \\*) and J : S ^ S** 
a mapping defined by J{x){f) = f{x),\/f G S* and a; G 5, then || J(a;)||** = ||a;||,Va; G S. Such 
a mapping J is called t/ie canonical embedding mapping from 5 to S***; 

(8) 11/11* = V{|/(a;)| : x G 5(1)} for any / G S* , further, if (S*, || • ||) is a real RN module, 
then 11/11* = V{/(:r) : x G 5(1)}, so that ||x|| = || J(x)||** = W{f{x) : / G 5*(1)}. 

The Hahn-Banach theorem — Theorem 12 . 1 1 below for a.s. bounded random linear functionals 
plays an important role in the proof of Theorem 11.21 

Theorem 2.1 (Guo [i[l3|) Let {S, \\-\\) be an RN space over K with base (f], J", P), M C S a. 
linear subspace, and f : M L^{^, K) an a.s. bounded random linear functional on M . Then 
there exists an F € S* such that F{x) = f{x),Wx G M and ||F||* = ||/||*. As a consequence, 
for any x G 5, there exists g G S* such that g{x) — \\x\\ and H^H* — Ia^, where — [\\x\\ > 0]. 

In the sequel, every RN module (S, \\ ■ \\) is assumed to have nontrivial support, namely 
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P{H{S)) > 0. The notions of i"— independence and quasi-rank essentially come from 
Definition 2.1 Let {S, \\ ■ ||) be a real RN module with base {n,,T,P) and D G T such that 
D C H{S) and P{D) > 0. 

(1) For any x,y € S and F J-, x and y are called L'^ — independent on F if £^Ip = rjlp = 
whenever ^, ?? G L^{J^, R) such that ^Ipx + tjIfU = 

(2) If there exist x,y G S such that x and y are L°— independent on Z?, then S is said to have 
quasi-rank not less than 2 on D (briefly, Rank£)(5) > 2), otherwise S is said to have quasi-rank 
strictly less than 2 on D (briefly, Rank£)(5) < 2). In particular, when Rank/j(5')(S') > 2, we 
simply say that S has quasi-rank not less than 2, denoted by Rank(S') > 2. 

It should be mentioned that L"— independence of three or more elements can be defined in 
the same manner as that of two elements. Let {S, \\ ■ ||) and D be the same as in Definition 12. II 
and x,y,z G S. It is easy to see that the independence of x, y and z on D implies that of x and 
y on D. In addition, if G is such that E C D and P{E) > 0, then the i"— independence 
of X and y on D implies that on E, thus Ranki3(5) > 2 implies Rank£;(5) > 2. 

Proposition 2.1 Let {S, \\ ■ ||) be an RN module over R with base {H., J^, P), E G J- with 
P{E) > and x,y eS. 

(1) If P{Axy) > and x and y are not independent on A^y, then there exists a unique 

F e J' with F C A^y and P{F) > 0, and f , 77 G L°{T, R) with F C [C 7^ 0] n [77 7^ 0] such that 

^Ipx -\- rjlpy = and x and y are L"— independent on Axy\F whenever P{Axy\F) > (such 

Axy\F is called the L'^ — independent part of x and y no matter whether P(Axy\F) > or not). 

In addition, if x and y are L''— independent on A^y their L''— independent part is just the whole 
4 

-^xy • 

(2) If X and y are L*'— independent on then P{Axy) > and E C AxyV-F, where F is the 
same as in (1). 

Proof. (1). Denote B = {E e T \ E C A^y such that P{E) > and Ip^x /^jtj?/ = 9 for some 
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^, rj G L^{J-, R) with ^,1] on E}, where r] ^ on E means that E C [?/ 7^ 0]. Since x, y are 
not L°— independent on A^y, there exist i^Oj'7o G L°{J-,R) with $o^a^„ 7^ or 7?o^a^„ 7^ such 
that Co^A^^a; + VolA^yV = 0. One can see that [^0 = 0] ("1 A^^y = [770 = 0] n A^y by noticing that 
ll^^ll' \\y\\ / on Axy Let Eq = [^0 7^ 0] fl A^y, then E'o G B, which shows that B is nonempty. 
Consequently, there exists a sequence {Bn,n e A^} in B such that V„>i/_b,^ = V{/_b : i? £ B}, 
namely, /u„>iB„ = V{/b : B G It is clear that B C U„>ii3„ for any B E B. We will show 
that F = U„>ii?„ is just desired. 

Take CnTVn G L°{T,R) such that CnjVn 7^ on _B„ and lB„£,nX + iB^VnU — ^ for any 
n&N, and denote = Bi,En = B„\{\j'-^^B^),yn > 2, then Y.^^^ E^ = ^n=iBn = F. Since 
^(S^i — 1 ^^'^ L'^i^j R) is complete, we know that {X^J^i CnlE„ , k G iV} converges in P 
to some element ^ in L^{T, R). Further, £,Ie^ = inlE„ > iiIe„ = VnlE„ , Vn e iV, so that ^, r/ 7^ 
on F and by the continuity of module multiplication, S,Ifx + rjlpy — 0. 

On the other hand, x and y are L°— independent on Axy\F whenever P{Axy\F) > 0. 
Otherwise there exists D E T with D C Axy\F and ^(I?) > such that D e B, hence D C F, 
which is impossible. 

(2). First, E C A^y, otherwise D = E n A^^y is such that P{D) > 0. Notice that A%y = 
{A^\Ay)U{Ay\A^)U{A^UAyy,weha.veD ^ {Dn{A^\Ay))U{Dn{Ay\A^))U{Dn{A^UAyY). 
Take ^1 = + liA^uAy)- and 771 = lA^\Ay + I(A^uAy}-=, then clearly ^i/^x + ryi/ny 6* 

with ^i/_D 7^ or 771//) 7^ 0, namely, x and y are not L''— independent on D, so that they are 
not L°— independent on E, which is a contradiction. Next, E C F'^, otherwise G = E Ci F 
is such that P{G) > 0, but by (1) ^Ipx + rjipy = 9 and ^,7? 7^ on F, which implies that 
^Igx + rjlcy — 0. This is also a contradiction to the L"— independence of x and y on E. □ 

Proposition 2.2 Let (5, || • ||) be a complete RN module over R with base {ft,J-,P) and xq 
as obtained in Lemma [2^1 6) such that ||a;o|| — Ih{s)- Then the following hold: 

(1) HE eJ' with P{E) > and F C is such that RankD(5) < 2 for any D with 
P{D) > and D d E, then for each y £ 5 with Ay C E there exists ^ e L"{T, R) such that 

(2) If RankB(S') > 2 for some E e T with F C H{S) and P(£') > 0, then there exists a 
unique G{S) £ J" with E C G(S') C and P{G{S)) > such that RankG(s)(5') > 2 and 
Ranki5(S') < 2 for any £> e with D C H{S)\G{S) and > 0. 

Proof. (1). Suppose that y £ S with Ay C E and P(^y) > 0, and that the L°— independent 
part of y and as determined by Proposition 12.1^ 1) is Ay\F. If P{Ay\F) — 0, then y = 
I^^y = ^/^^xo for some ^ G L°{T,R). If P(Aj^\F) > 0, then Rank^^\^(S') > 2, which is a 
contradiction. 

(2). Denote = {£> e | I? C H{S),P{D) > and Ranki3(5) > 2}, then E e G and 
there exists a sequence {0,1,71 e N} in ^ such that /u~_^g„ = V{/_d : -D G C?}. We will verify 
that G{S) = Ui^^Gn is just desired. 

Let El — Gi,En — Gn\{^i'=iGi),Vn > 2, x„ and y„ be two elements independent 
on Gn for each n € N. Then X^J^i -^n = G(S'), and 2: = -^b,i2;„ and y = -f£;„2/n 

exist by the completeness of 5", further Ie,^x — Ie^Xu and /_e„j/ = lEnVn for each n G N. 
Consequently, it is easy to see that x and y are L*^— independent on G{S). On the other hand, 
if there is some Di e T with Di C H{S)\G{S) and P(L'i) > such that Rank/,, (5) > 2, then 
-Di 6 which yields Di C 6(5*), a contradiction. □ 

For any complete RN module {S, || ■ ||) over R with base J^, P), there are only two cases 
that may occur: 
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Case (1): There exists an S G J" with P(£;) > and £; C H{S) such that Rank£;(S') > 2; 

Case (2): RankD(S') < 2 for any D eT with D C H{S) and P{D) > 0. 
In the sequel, when Case (1) occurs G{S) is always understood as in Proposition 12.2^ 2') . at 
which time P{G{Sj) > 0, whereas Case (2) occurs we have P{G{S)) = 0. By Proposition 
12.2( 1) we have the following: 

Corollary 2.1 Sh(s)\g{S){^) — Ih{s)\g{s) for any e E L'l_ with < e < 2 on H{S)\G{S). 
Proposition 2.3 Let {S, \\ ■ ||) be a complete RN module over R with base {n,T,P) and 
P{G{S)) > 0, and u E S with = Ig{s)- Then there exists v E S with ||u|| = Ig{s) such that 
u and V are L°— independent on G{S). 

Proof. Since Rank(3(5-)(S') > 2, we can take a pair of elements x,y E S with ||a;|| = ||?;|| = ^g(S) 
such that X and y are L''— independent on G{S). Denote B = {E E J- \ E C G{S) and 
there exist £,,ri E L'^iJ', R) such that I^u = £,Iex + V^eu}- Then our proof is divided into the 
following two cases. 

Case (1): when B — {0}, it is easy to see that u,x and y are L''— independent on G{S), 
thus V := X or y is just desired. 

Case (2): otherwise, there exists a sequence E N} in B such that /u„>iB„ = 

V„>i/b„ = V{/_B : B E B} and Cn,??" 6 L°{T,R) such that = (.nls^x + rjnlB^y for 

each n e iV. Set Ei = Bi,En = B„\ U"r/ Bi,\fn > 2, then Cn^B,. , fc G TV} (accord- 

ingly, {X)n=i ^"-^£^.1 ' ^ ^ -^}) converges in P to some element ^ (accordingly, 77) in L^{F,R). 
Furthermore, f/s,, = CnlE„ and t^/b^ = 'yn^BnjVn G A^, then by the continuity of module 
multiplication, 

Idu = £,Idx + rjloy, (2.1) 

where D = X^^^i -^n = ^^=iBn C G'(S'). It is easy to prove by way of contradiction that w, x, 
and y are L°— independent on G[S)\D. 

Denote = Dn[C 0] and = L»n[?7 = 0], then from (2.1) it follows that Ip^u ^ rjlp^y, 
which implies Ip^^ I??! = Ip^ ■ Similarly, /f^u = £,If,,x and /f,, |CI = ^f,, ■ 

Let = lD\(FfUF^)X + If^ufJIx + y\\~^{x + y) + Ig{S)\dX, clearly ||t;|| = Iq^s)- Now we 
suppose that fci, ^2 G L'^{J^, R) are such that fciw + — 0, namely, 

ki{lG{S)\DU + (.lDX + r]lDy) + k2{lD\{F^uF^)X + lF^uFr,\\x + y\\^'^{x + y)+lG(^S)\Dx) = 9. (2.2) 

Clearly, multiplying both sides of (2.2) by /g(S)\d yields kilQ(^gj\F)U + k2lG(S)\DX — 9, thus 
fci = ^2 = on G{S)\D. In the same way, we can verify that ki — k2 = on f^, Fjj and 
D\{F^ U Fr^), respectively. Therefore, fci = ^2 = on G{S). □ 

3 Proofs of the main results 

We can now prove Theorem II. 1) the idea of whose proof is very similar to that of Lemma 
4.7], but since Theorem 1 1.1 1 is of crucial importance in this paper, we give its proof in detail. 
Proof of Theorem ll.il It suffices to prove the special case when /(Yi) < f{Y2) and Yi < Y2: 
since, otherwise, let C = [/(Fi) < 7(^2)] and D = [/(Yi) > f{Y2)], then for C we apply 
the special case to fc = IgJ and — Ic^ so that we can obtain 77^ G [^1,^2] such that 
Icfivc) — Ic^i for D we apply the special case to fu = —lof and = —Id^ so that we can 
obtain rjo E [^1,^2] such that iDfivo) = IdCj consequently, r/ := IcVg + IoVd satisfies our 
requirements. In the following, we will give the proof of the special case. 
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Denote Ai ^ ^ /(Yi)], A2 = [C = /(i^2)] and H = n\{AiUA2), where 51 is the equivalence 
class of Q. If we can find some 77 e [5^1,^2] such that f{ri) = ^Ih then /{Ia^Yi + Ia^\a^Y2 + 
Iht]) = IaiS, + Ia2\AiS, + IhS, = Thus we can suppose that /(Yi) < C < /(^2) on $7, which 
certainly implies Yi < ^2 on il. 

Let ?7 = A^, where g = {¥ e [Yi, Y2] | /(Y) > ^ and Y > YJ. Clearly, Y2 G 5, which 
shows that Q is non-void and G [Yi,Y2]. Since ^ is dually directed, there is a sequence 
{Wn, n e A^} C g such that Wn \ r]{n 00), which together with the continuity of / imphes 
that f{Wn) — > f{ri){n oo). Thus f{ri) > ^. We will further prove that firf) = ^ as follows. 

Assume by way of contradiction that there exists some E € J- with P{E) > such that 
fiv) > S, on E. Let C/„ = (77 — 1/n) V Yi for each n e N, then [/„ 77(71 cx)) by noticing 
that 77 > Yi. We claim that f{Un) < ^ on 17 for each n € N. Otherwise, there exists some 
i e TV such that P(A) > 0, where A = [fiUt) > £.]. Denote = [77 - l/i > Yi], then 
P{Di n Bf) ~ (otherwise loins'? f{Yi) = loins'? f{Ui) > S.Io.nB'', which is a contradiction), 
i.e., A = A n B,. Further, /z),/(77 - l/i) ID,nBJ{U^) = /dJ(A) and 7j-l/i> Yi on A, 
which yields filoiiv — !/«) + -^o\Di^2) > and hence /Di(?7 — l/i) + lDfY2 G t/, which in turn 
implies loiiv — 1/*) + lD'rY2 > rj, but this is impossible. Thus P{Dn) = 0, namely, f{Un) < £, 
on Q for any n d N . 

Observing lEf{Un) < £,Ie < f{'>l)lE on E and recalling [/„ 77, by the continuity of / we 
have lEfiv) ^ ^^e < f{ii)lE on E, which is an obvious contradiction. Therefore, 7(77) =1^. □ 

Lemma [??T] below together with Proposition l2.3l is a preparation for the proof of Proposition 
13.11 below that is key to the proof of Theorem 11.21 

Lemma 3.1 Let (S", || ■ ||) be an RN module over R with base (f7,-F, P), E e T with P{E) > 
and x,y G S with ||a;|j = lA^y and ||7/|| < 1. If 2; and y are L°— independent on E, then there 
exist ue, ve & S such that \\ue\\ = \\^e\\ = Ie and ue — ve = Ie{x — y). 

Proof. By Proposition I2.ir 2') we can see that E C A^y Define a mapping Je ■ L'^{J-',R) 
L^{J^,R) by 



fEia) = Ie 



(cos a)x + (sin a)y 

- + y 



,ya€L°{T,R), (3.1) 



(cosa)a; + (sina)j/|| 

then it is clear that /e is a continuous local function. By the L"— independence of x and y on 
E we can see that ||(cosa)a; + (sina)7/|| > on Since /£;(0) = /_E||y|| < Ie and fEi^n/i) = 
Ie{1 + \\x - y\\) > Ie, by Theorem [TT] there exists tje e lP{F,R) with < 77^ < 37r/4 such 
that fEivs) — Ie- Denote 

(cos77£;)a; + (sin?7£;)y 
||(cos7/£;)x + (sm77B)y|| 

and Ve — Ie{ue — x + y), then ue and tig are desired. Indeed, — Ie, \\ve\\ ~ fsiVE) — Ie 

and Ue - Ve = Ieue - Ie{ue - x + y) ^ Ie{x ~ y). □ 

Proposition 3.1 Let [S, \\ ■ ||) be a complete RN module over R with base {Vl,F,P) and 
P{G{S)) > 0, and x,y e S with PiA^y) > 0, A^y C G(5), ||a;|| = 7^,^ and \\y\\ < 1. Then there 
exist u, G 5 satisfying the following two conditions: 

(1) = = lA^y and u - 7; = I^^Jx - y), 

(2) ||7i + 7;|| >/^,J|x + 7/||. 

Proof. It is divided into two Steps; Step 1 is to obtain u and v satisfying (1), and Step 2 to 
show that these two elements u and v also satisfy (2). 

(Step 1): First of all, there exist uq^vq in S with ||7io|| = ||uo|| = ^g(S) such that uq and vq 
are -L°— independent on G{S) by the meaning of G{S). 
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Let F,^ and rj be the same as obtained in Proposition I2.1f 1) with respect to x and y (if 
X and y are independent on A^y, then F is 0) and denote G = Axy\F,Gi = G Ci [\\y\\ < 
= F n [llyll < 1] and Eq = A^y n [\\y\\ = 1]. Clearly A^y = GiUFiUEo since \\y\\ < 1. 
We will deal with the problem on Gi,Fi and Eq, respectively. Without loss of generality, we 
can assume that Gi,Fi and Eq all have positive probabilities. 

Considering x and y on Gi, we obtain uq-^ and vq-^ in S such that ||mgiII — II^GiII = Id 
and ugi — Vd = Igi{x — y) by Lemma [XT] 

Then consider the case on Fi. From £,Ifx + ?//_fJ/ = and F C ^ 0] fl [77 ^ 0] it 
follows that Ipy — 'ylpx, where 7 = —£,1]^^ ^ on F, further \'^\If = IfWuW < If, so that 
Fi = Fn[\j\ < 1] Fn[0 < I7I < 1] and let Fn = Fn[0 < 7 < 1] and i^i2 Fn[-1 < 7 < 0], 
then Fi = Fn UF12. 

Let x' = lA^yX + Iq(^s^\a^^uq, then ||x'|| — Ig(S)i ^-i^d by Proposition l2. 31 there exists x" G S 
with = Ig(S) such that x' and x" are L"— independent on G{S), which also implies that 
X and x" are L*^— independent on both Fn and F12. 

Let 



||wi + x\\ 



, yi ^ IfiiV + xi - IpiiX, 



then it is easy to see that x and Wi, further a; and xi are F*^— independent on Fn, so that xi 
and yi are F'^— independent on Fn by noticing that j/i = (7 — + Xi. By Proposition 

12.1( 2) Fn C Axiyi, which together with the obvious fact that A^-^ = Fn and Ay-^ C Fn implies 
that Axiyi — Fn. Besides, 



Ifu ~ x\\ 



'Fii 



Wl + X 



< If,, 



\\wi + a;|| 

Wl + X 



X — Wl + Wl 



X — Wl 



\Wi + X 

= - ||wi +/fii1|wi 

< 2If,A\wi\\ 
= ^F,,(l-7), 



If,,\\wi\ 



from which it follows that Ip-^-^ \\yi\\ — Ifh \\ix + xi — x\\ < Ipul + -^Fii(1 ^ 7) — Ifh- 

Applying Lemma |3. II to xi and yi on Fn, we obtain up^^^vp-^^-^ G S with ||m_Fii|| = II^-FhII = 
/fii such that - = Ipt, {xi - yi) = If,, {x -y). 

In the same way, let W2 — Ipi2{{^ + 7)/2)a;", X2 — Ip,2 \\w2 + "'^(^2 + x) and consider X2 
and 2/2 '■— IpizV + X2 — Ipi2X, we can obtain up^^,vp^^ G S with ||u_Fi2II — Ik-Figll — Ipi2 such 
that MF12 ^ '^'Pi2 — Ifi2{x — y). 

As for the case on Fq, let upo — IeqX and vp^^ — Ip„y, then HufqH — \\vp„\\ = Ip„ and 
UPa - VPg = Ipo{x - y). 

Finally, let u = ugi + up^^ + up^^ + up^^ and v — vq-^ + + vfi2 + ''^-Eoi easy 
to see that ||m|| = ||w|| = lA^y and u — v — lA^y{u — u) = /yi^^(a; — y) by noticing that 
A^j, = GiUFnUFi2UFo. 

(Step 2): Since A^j^^ = Gi U Fi U Fo and /solh^ + '^'ll = ^FoII^^ + uW, '^^ only need to prove 
IpiuGiWu + v\\ > /fiuGiI|2^ + 2/||- 

First we will find X,PeLl with A > 1 on Fi U Gi such that 



X ~\~ y 

IPiUGiX = A/_FiuGi — PIPiUGi {u- x). 



(3.3) 
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Since IpiU = lIpiX, where < I7I < 1 on Fi, we can take A,/? G L*J_ such that XIpi = 
2Ip-^ (1 + 7)^^ and (3Ifi = 0, which certainly imphes the vahdity of (3.3) on Fi and that A > 1 
and /3 >0 on Fi. Further, recalhng that IgiU = ugi is determined by (3.2) when E is replaced 
with Gi, considering (3.3) on Gi we have 




2^Gi -^Gi/3||(cos7)Gi)2:+(sin))Gi)y|| ' 

2-'Gi ^GiP' ||(cosJ7Gi)a;+(sin»7Gi)l/|| ^ ''Gi^J, 



which yields 



and 



or T ||(cosr/Gi)x + (sin?7Gi)j/ 



costjgJx + (sin?7Gi)2/|| - cost^Gi + sinT?Gi 
COS77G1 + sinyyGi 



Mg, = /gi 1 - /3 + /3 



(cosr/Gi)2; + (sin77Gi)2;|l 

Notice that JgAvGi) — Iqi- We will check that /? > on Gi and A > 1 on Gi as follows. 

We claim that sin?7Gi > on Gi, otherwise there exists D £ F with D C Gi and P{D) > 
such that /DsinryGi = 0, then IdVGi = since < t^Gi < 37r/4, and by (3.1) we have 
lofGiiVGi) = IdHvW, a contradiction to the equality fciiVGi) — Igi- Further, combining the 
relation 

JGj|(cos77Gi)a; + (sin?7Gi)2/|| > /gi (| cos ?7Gi | - | sin?7Gi I II2/II) 

> -^Gi(|cos77Gi| -sinyyci) 

> /gi(cos77Gi - sinTycJ) on Gi 

and the i"— independence of x and y on Gi we can see that /3 > on Gi. 

On the other hand, applying Theorem 12.11 to IpiuGiU we obtain some x* € S* such that 
x*{IfiuGiu) = IpiVGi and ||a;*|| = IpiuGi- Thus/_FiuGi > x*{If,uGiv) = IpiuGiX* (u-x+y) = 
IpiUGi - x*{IfiuGix) + a;*(/FiuGi2/), which yields x*(IfiijGiX) > x*{lFiuGiy)- Again since 
cosr/Gi + siuT^Gi > 0, it follows from 

r *,T \ *(t (cos?7Gi)a; + (sin?7Gi)2/ 

/gi = X (IgiU) = X Igi- 



(cos?7Gi)a; + (sin77Gi)?;|| 



that 



/Gj|(cosryGi)a; + (sin?7Gi)j/|l = (cos77Gi)a;*(/GiX) + (sin77Gi)a;*(/Gi2/) 

< X* {Igi x) (cos ?7gi + sin t]Gi ) 

< -?^Gi(cosryGi +sin77Gi), 

which implies that XIgi > Igi ■ 

Next, we have the following equivalent relations: 



(3.3) ^ 


2^FiuGi(2/ + 


x) 


= f^IpiUGiU 


+ (1 


- P)IPlUGiX 


4^ 


A 

-^ipiuGiiy - 


x) 


= l3Ip^uGiU 


+ (1 


- (i - X)Ip^uGiX 


<^ 


2-'FiUGi(w - 


u) 


= PIp^ uGi u 


+ (1 


— /3 — X)Ip^uGiX (by the results in (1)) 


<^ 


A 

2MuGi(w + 


u) 


— IPiUGiX + 




- A)/_FjUGi(w - x), 
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Ufi uGi Ik + + A) (u-x) II = ^If,ugA\u + v\\, 
\IfiuGi\\x + P{u - x)\\ = |/FiuGil|a; + y||. 

Besides, we have the following relations: 
If,ugA\x + P{u - x)\\ \/{lF,uG,.f{x)+l3lF,uGj{u-x)\feS*{l)} 

(b) 

< {y{lF,uGj{x) + {13 + X)If,ugJ{u -x)\fe 5*(1)}) V Ip.uG^ 

= y{lF,uGj{x) + {13 + X)lF,uGj{n - x) I / e 5*(1)} 

= If,ugA\x+{P + X){u-x)\\. 



Indeed, (a) and (d) are clear by Lemma [2J{8), and (b) and (c) can be verified respectively as 
follows. 

Denote FiUGi = of^UOf^ for any / e S*{1), where of^ {FiLlGi)n[f{x) + (3f{u~x) > 
1] and Df^ = (i^i U Gi) n [f{x) + (3f{u ~ x) < 1], then we have that /(u - x) > on Df\ so 
that J„(i) (f(x) + f3f{u — x)) < (f (a;) + {f3 + X)f{u — x)), which together with the obvious 
fact that Ijj(2} {f{x) + l3f{u — x)) < IjjCi) implies the inequality (b). 

Recalling x*{Ifx\jGiu) = II 2^*11 = IfiuGi and /3+A > 1 on FiUGi we have that If^uGiX* {x) + 
{f3 + X)If,ug^x*{u -x)= /fiuGi(1 - /? - X)x*{x) + {f3 + X)If,ug, > If.ugA^ - /3 - A) + (/? + 
X)IfiuGi = IpiuGn which yields the equality (c). 

Finally, combining the previous relations with (3.4) we have IfiuGi II" + '^'1I ^ IpiUGi \\x + y\\, 
which completes the proof. □ 



Lemma [3.21 below . which reveals the essence of Condition (A), will play important roles in 
the proofs of Theorem 11.21 and Proposition 13.21 

Lemma 3.2 Let {S, \\ ■ ||) be an RN module over R with base (fi, J^, P), then the following 
two statements are equivalent to each other for any D ^ T with D C H{S) and P{D) > 0: 

(1) RankD(S') > 2; 

(2) {elD ; e e with < e < 2 on £>} C {Hu-i^H : u,v £ S with ||u|| = ||t;|| ^ Id}. 

Proof. (2)=^'(1). Take an arbitrary pair x,y £ S such that ||a;|| — ||y|| = Id and ||x — y\\ = Id, 
we can show that x and y are L"— independent on D. In fact, let ^, r/ G L^{T,R) such that 
+ "qlDy — and suppose that there exists some E £ F with E C D and P{E) > such 
that ^ 7^ on E', then Iex — —lE^~^'r]y, which implies Ie\^~^v\ = ^e. This will lead to a 
contradiction by noticing that Ie\\x — y\\ = Ie. Thus ^Id = 0, and similarly tjId = 0. 

(1)^(2). Since Rank£)(5') > 2, we can take x,y € S with ||a;|| — \\y\\ — Id such that x and 
y are L"— independent on D, and define / : L^{J-, R) — L°{J^, R) by 



/(") - I 



D 



(cosa)a; — (sin a)?/ 



(cosa)a: — (sina)y|| 



,Va e R). 



It is obvious that / is a continuous local function and ||(cosa)a; — (sina)y|| > on D for 
any a G lP{F,R). Consequently, since /(O) — and /(tt) = 2/j), by Theorem 11.11 there 
exists 77^') G L^{T,R) with < t]*'' < tt for any e G L° with < e < 2 on D such that 
J(r^('=)) — elD. Denote v — /£)||(cosr/*))a;— (sin?7('^')y||~-'-((cos?7('))x— (sin7]('^^)y), then ||u|| = Id 
and ||x — wjl = e//). □ 
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We can now prove Theorem II. 21 
Proof of Theorem 11.21 For e and D as assumed, since S^^"^ (e) < Soie) < S'-j^\e), we only 
need to show that (5^^(e) < S^i^) < (5^''(e). The proof is divided into two parts. 

(Part 1). We show that 6'}^\e) < (5n(e). First of ah, since Rank£,(5') > 2, by Lemma O 
there exist uo,wo G S with ||mo|| — \\vo\\ = Id such that ||mo — foil = ^Id- 

For any x,y £ <S'(1) such that B^y D D and /£> ||a; — j;|| > elo, we can write /£)||x — ?/|| = belo-, 
where b 6 L^{J^, R) is such that bin — Id\\x ~ y\\e^^ , clearly bio > Id- Applying Theorem 12. II 
to Id^^^-2^ we obtain an element x* £ S* such that 

^*{Id^)=Id\\^\1 \W\\=Id,, (3.5) 

where Di = [/d||^|| > 0] (obviously, Di C D). 

First, let E = [x*{Idx) > x*{lDy)] n Di, then we can obtain ue,ve G S with ||m£;|| = 
\\ve\\ = Ie such that ||u_e -ve\\ = e/s and ||wi; + ve\\ > Ie\\x + y\\. 

In fact, let xi = lEX,yi = /^a; + lEb~^{y — x), then one can see that ||xi|| = Ie, \\yi\\ ~ 
||/£;(1 — 6^-^)a; + /_E&^-'y|| < Ie and ||xi— yi|| = e/_B. Again denote -E' ~ [/_E||yi|| > 0] (certainly, 
E' (Z E C Di) and E" = E\E' , then we can handle the problem on E" and E' , respectively. 

On E": from /£;"||?;i|| = it follows that lE"yi ~ namely, lE"y = (1 — b)lE"X, which in 
turn implies blE" — ^Ie", so that lE"y — —Ie"X and hence /£;"||x + ?;|| = 0. 

On E': without loss of generality, we can suppose that P{E') > 0. Notice that ||/£;/a;i|| = 
Ie', ll-^B'^ill < Ie' and Ai^,^^ = Aj^,y^ — E' , by Proposition 13.11 we have two elements 
u',v' £ S with ||u'|| = llv'll = Ie' such that u' — v' = Ie'{Ie'Xi — Ie'Vi) — lE'b^^{x — y) and 
||m' + v'W > Ie'\\Ie'Xi + Ie'ViW = ^B'll^i + yill- It is clear that ||u' — v'\\ — eIe'- Further, 
by the choice of E' and (3.5) Ie'\\xi + yi\\ > Ie'X*{xi + yi) = 2Ie'X*{xi) + lE'X*{yi - xi) = 
2lE'X*{x)+lE'b-^x*{y~x) > 2lE'X*{x)+lE'X*{y-x) = lE'\\x + y\\. 

Let ue — Ie'u' + Ie"Uo and ve ~ Ie'v' + Ie"'Vo, then we can see that ue and ve are just 
desired. 

Next, denote F = [x*{Idx) < x*{lE)y)] H Di, by the symmetry of x and y we can also have 
uf,vf £ S with ||uf|| = \\vf\\ ~ If such that \\uf — vf\\ — ^If and \\uf + vf\\ > If\\x + y\\. 

At last, let u ~ Ieue + Ifuf + Id\Di'^o and v — Ie^e + If^f + Id\Di'^q, then we can see 
that ||u|| = llwll = Id, \\u-v\\ = elo and \\u + v\\ > lD\\x + y\\. This shows that S''j^\e) < Soie)- 

(Part 2). We show that Sni^-) ^ {^)- For any fixed x^y G S such that Bj;y D 

D, \\xl \\y\\ < 1 and Id\\x - y\\ > elo, let E - [||a;|| > ||y||] nD,F= [\\x\\ < \\y\\] n D. 
Denote xi = Ie\\x\\~'^x and yi = lE\\x\\~'^y, then ||a;i|| = /B,||yi|| < Ie and A^^^y^ = 

E. By Proposition 13.11 there exist ui,vi £ S with ||ui|| = ||i'i|| = Ie such that ui — vi ~ 
Ie{xi - yi) = Ie\\x\\^^{x - y) (clearly, ||ui - i;i|| > Ie\\x - y\\ > els since ||x|| < 1) and 
||mi +fi|| > lE\\xi+yi\\ > /£;||a; + y||. 

Similarly, considering X2 = /F||y||^^a; and y2 = lF\\y\\^^y we can have U2,V2 £ S with 
||"2|| = ||«2|| = If such that \\u2 - f2|| > (^If and \\u2 + V2\\ > If\\x + y\\. 

Set u = U1+U2 and v — V1+V2, then ||u|| = ||ti|| = Ie, \\u—v\\ > el^ and ||u+f || > /dUx+j/H, 
which completes the proof. □ 

Remark 1 If we define a new quantity 



S^i^\e) = f\!^Io-lL 



x + y 



: x,y £ U{1) with B^y D D and Id\\x — y\\ — elo 



then by the relation S);'{e) > S);'{e) > S);' (e) we can also see that ^^(e) = (i) for any 
D £ J' with D C G{S) and P{D) > and e £ L°_ such that < e < 2 on £). We should 
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point out that Theorem 11.21 automatically hold for every complete complex RN module since a 
complex RN module {S, \\ ■ ||) can always be viewed as a real RN module with G{S) = H{S). 

For the proof of Theorem 11.31 we remain to need the following preparations. 
First, Lemma 13.21 means that the estimation of modulus of random convexity given in [J, 
Lemma 4.3] can be improved to the following: 

Lemma 3.3 Let {S, \\ ■ ||) be a complete RN module over R with base (fJ, J^, P) such that 
P(G(S')) > 0, then Sg{s){<^) < ^Ig(S) for any e e L\ such that < e < 2 on G{S). 

We can now in turn obtain Proposition 13.21 below, which improves Jl), Proposition 4.5] in 
that Proposition 13.21 has removed Condition (A) originally imposed on [l|, Proposition 4.5]. 

Proposition 3.2 Let (5*, || • ||) be a complete random uniformly convex RN module over K 
with base ($7, J-, P) and p a number such that 1 < p < +oo. Then for each number e G (0, 2] 
there exists a number Sp{e) G (0, 1) such that (a) implies (b) for any x,y in S and any D E J- 
with D C B^y and P{D) > 0: 

(a) /_D||a;|| < < Id and Id\\x ~ y\\ > elo; 

(b) /z,ii^r</z.(i-<5,(6))mwi. 

Furthermore, (a) can be replaced by 

(c) /z.||2;-y||>e/,,(||x||V||2/||). 

Proof. It is similar to that of J,, Proposition 4.5], except for some key modifications below. 

Along the idea of proof of 0, Proposition 4.5], before we consider Part (1) of Case (2) 
in the proof of 1, Proposition 4.5], we only need to first consider the corresponding problem 
on Di n {H{S)\G{S)) rather than on Di as in the proof of [ll Proposition 4.5]. Therefore, 
by CoroUarv 12.11 we have Sh(s)\g{s){'1) — Ih(S)\g{S) for any 7 G i!]. with < 7 < 2 on 
H{S)\G{S), hence 

lDin(H{S)\G{S))'P{t) = lDin(H(S)\G{S)) i+fp -■ 

2 

We further notice that the real function /(s) = {^^Y I ( ^^2" ) strictly decreasing on [0, 1] 
and take ci(p) = /(O) = (1/2)^'^^, then we have 

-^Din(H(S)\G(S))'yi'(i) < Cl(p)/Din(_f/(S)\G(S))- 

Next, we replace D\\ and Dyi in the original proof of [l[ Proposition 4.5] with D\i = 
Di n G{S) n [e' < f] and D'^^ = Di n G{S) n [e' > f], respectively. By Lemma [S31 the 
remaining part of the proof of Proposition 13.21 is the same as that of 1, Proposition 4.5]. □ 



We can now prove Theorem 11.31 
Proof of Theorem 11.31 The sufficiency is already known by [H Theorem 4.3]. We only need 
to prove the necessity. From the proof of fH, Theorem 4.4], if y]. Proposition 4.5] is replaced by 
Proposition 13.21 then one can see that Theorem 11.31 alwavs holds. □ 

Remark 2 It is well known that LP{V,, P) is uniformly convex for 1 < p < +00 [l^ 
and that LP{J-, X) is uniformly convex iff X is uniformly convex, where 1 < p < +00 and X is 
an arbitrary Banach space [T§]- Theorem 11.31 and [ij. Theorem 4.2] together imply the two well 
known facts. 
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